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The Mirkil algebra M, a commutative regular semisimple Banach algebra, has 
been used to produce counterexamples in spectral synthesis. In this paper, some 
other unusual aspects of M are exhibited. Two of the main results are: (1) Corre- 
sponding to each non-spectral set in the maximal ideal space of M, there is a pair 
of closed singly generated ideals whose intersection is not finitely generated; 
(2) Every subset of the maximal ideal space is the union of two sets for which 
spectral synthesis holds. 0 1992 Academic Press, Inc. 
1. INTRODUCTION 
In 1960 Mirkil [5] constructed an interesting “pathological” com- 
mutative regular semisimple Banach algebra A4 with Z as its maximal ideal 
space. He showed that Wiener’s Tauberian theorem holds, and proved that 
the empty set is not a C-set, from which it follows that spectral synthesis 
fails. Mirkil pointed out [5, p. 2731 that the “pathology” of M depends on 
the fact that M is not translation-invariant. One consequence of this lack 
is that the empty set cannot be ignored as it usually is in spectral synthesis, 
so that discrete sets need not be S-sets and the union of a pair of disjoint 
S-sets need not be an S-set. However, since the Mirkil algebra is a convolu- 
tion algebra, translation does play a significant role. Atzmon [3], using 
Mirkil’s algebra (with an identity adjoined), obtained an example of a pair 
of S-sets (42 and 42 + 2) whose union (22) is not an S-set, and of an S-set 
which is not a C-set. The question of whether or not similar examples exist 
for L’(R) is still open. 
Also, for L’(R) it is not known if the union of a pair of sets of spectral 
resolution is a set of spectral resolution, or if there exists a pair of closed, 
singly generated ideals whose intersection is not finitely generated. The 
deep results obtained by Atzmon [l, 21 for L’(G) indicate the level of 
difficulty of the latter problem. However, both of these problems can be 
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resolved in Mirkil’s algebra. Two of our results concerning C-sets are very 
different from any that are obtained in connection with L’(G). The first 
result is that every closed set which contains a C-set is a C-set, and the 
second is that if K(E) is translation-invariant, then E is a C-set, which 
indicates how restrictive a property translation-invariance is in the Mirkil 
algebra. 
M is much easier to deal with than L’(R) (for example, Corollary 2.2 
shows that, since, for M, Helson sets are finite, no Helson set is a C-set). 
Because of its unusual features, the Mirkil algebra is a good source of 
counterexamples, and it would be interesting to know if there are L’(R) 
analogs of some of these counterexamples. 
In what follows, we identify [ - rc, rc) with the torus T, and for f~ L2( T), 
we define \lfl\ 2 = { (lj27c) ST If1 2}1’2. The Mirkil algebra M is defined as the 
convolution algebra consisting of all (2n-periodic) functions f~ L2( T) such 
that f is continuous on the interval [ -n/2, n/2], and with norm 
IlfllM = llJl12 + sup((f(s)l : 1.~1 6 n/2}. Mirkil [5] showed that the maximal 
ideal space of M is 2, and that the trigonometric polynomials on T are 
dense in M. The dual space of M, as obtained by Atzmon [3], can be 
identified with a set of measures v E M(T) such that v = v, + v2, where u1 is 
absolutely continuous with respect o Lebesgue measure, v2 E M[- n/2, n/2], 
dv, = g dx, with gE L2( T). Since each measure v E M* has a unique 
representation given by dv = g dx + dp, where p E M [ - ~12, x/2], g E L*(T), 
and g = 0 a.e. on [ -rc/2,7c/2], we shall identify M* with this 
collection of measures, with norm defined as the larger of the 2 norms 
(llgll2~ llAIM[-~,2,n,2, ). We note that the support of v regarded as an 
element of M* is the same as the support of v h, regarding v as an element 
of M(T). Except for minor changes, we follow Atzmon’s notation 
(Atzmon [3]), and refer the reader to Benedetto [4], and Katznelson [6] 
for the details of spectral synthesis. 
1.1. DEFINITIONS. If E is a closed subset of the maximal ideal space, 
then J(E) is the closure of the ideal j(E) of all fin M such that f^ has 
compact (finite) support disjoint from the set E, and K(E) is the closed 
ideal of all functions fin M such that f^ vanishes on E. The closed set E 
is a spectral set, or a set for which spectral synthesis holds (an S-set) if 
J(E) = K(E). Equivalently, E is an S-set if v E M* and supp(v A ) c E imply 
that v annihilates the ideal K(E). Spectral synthesis holds for the algebra if 
every closed subset of the maximal ideal space is an S-set. A closed subset 
E of the maximal ideal space is a Calderon-set (C-set) if each f in K(E) 
belongs to the closure of the idealf* j(E). A closed set E is a set of spectral 
resolution if every closed subset of E is an S-set. 
1.2. LEMMA. Let EcZ, andfEK(E). ZffcC(T) then fefm. 
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Proof: By Fejer’s theorem, if k runs through the Fejer kernel, then 
f * k converges to ,f: Since the support of (f * k)” is finite, there exists a 
trigonometric polynomial u E M such that u A is the characteristic function 
of supp(f * k)^. Thus u *f* k=f * k, so that fe.f*j(E). 
1.3. DEFINITION. Let E be a (closed) subset of 2. If, for each fin K(E), 
f * f *. . , *f (p times) belongs to J(E), then E is a weak S-set of charac- 
teristic p; iff*f*...*fbelongs to f*f*,..*f*j(E), then E is a weak 
C-set of characteristic p. Every weak C-set is a weak S-set of the same 
characteristic, and the closed union of a sequence of weak C-sets, each of 
characteristic p is a weak C-set also of characteristic p. (For a discussion 
of weak S-sets, cf. Warner [7].) 
1.4. THEOREM. Every subset of the maximal ideal space of A4 is a weak 
C-set of characteristic two. (Hence every subset is a weak S-set of charac- 
teristic two.) 
ProoJ Let E be a subset of Z, and let f EK(E). Since f E L*(T), 
f*fEA(T), which is a subset of C(T), sof*f~f*f*j(E), by Lemma 1.2; 
i.e., E is a weak C-set of characteristic at most two. 
2. SPECTRAL SYNTHESIS 
2.1. THEOREM. Let E be a subset of Z. 
(a) If E is a C-set (set of spectral resolution, S-set), then every 
translate of E is a C-set (set of spectral resolution, S-set). 
(b) If the union of E with a finite set is a C-set (set of spectral 
resolution, S-set), then E is a C-set (set of spectral resolution, S-set). 
Proof: Assertion (a) follows from the fact that multiplication by eirx is 
an isometry on M. 
It is sufficient o prove (b) for the case where the finite set is a singleton, 
say (r}. Suppose that E u (r} is an S-set, and let E > 0 be given. Iff e K(E) 
and p(x) = eirx (so p^(n) = 1 if and only if n =r), then f-p *f E K 
(Eu {r}), so there exists a u~j(Eu (r}) such that jI(f-p *f)-ullM<E. 
Since p * f is a trigonometric polynomial with Fourier transform vanishing 
on E u {r }, both p *f Ej( E), and u l j( E), so p *f + u EJ’(E). Hence E is an 
S-set. Similarly, one could prove the result for spectral resolution, and the 
same idea applies if E u {r} is a C-set. 
2.2. COROLLARY. If F is a finite set, then F“ is a C-set, and F itself is not 
a C-set. 
ProoJ Mirkil [S] exhibited an f E M such that f does not belong to the 
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closed ideal generated by J Thus, the empty set is not a C-set. Hence, by 
2.1(b), no finite set is a C-set. Also F’ u F = Z is a C-set, so 2.1(b) implies 
that F’ is a C-set. 
2.3, THEOREM. The following sets are sets of spectral resolution : 
(a) The set of all positive (or negative) integers 
(b) Any single or double-sided arithmetic progression, with common 
difference greater than or equal to 3 in absolute value (cf Atzmon [3] 
for 42). 
Proof. (a) Let E c N, and supp v h c E. Then the F. & M. Riesz 
theorem shows that v is absolutely continuous, so dv = h dx, with h in 
L’(T), We note that (J v)= (f, h)=(f*K)(O) and that suppvh = 
supp(k), so f Ir (n) h /r (n) = 0 for all n E Z. Hence f * g = 0. In particular, 
(f* x)(0)=0, so (f v) = (f, h)=O; i.e., E is an S-set. 
(b) Since each arithmetic progression is contained in a translate of a 
subgroup rZ, it is suffkient to prove the result for the case E c rZ, r > 3. 
If supp(v^)c EcrZ, then, as in Atzmon [3, p. 3191, the period of v is 
2rcjr. Represent v by dv = g dx + dp (unique representation), with g E L2( T) 
and g = 0 a.e. on [-n/2,7c/2]. In order to show that v is absolutely 
continuous, let S c [ - 7c/2,0) be a set of Lebesgue measure zero, so that 
every translate of S also has measure zero. Then g= 0 a.e. on S and on 
every translate of S, so v(S) = p(S), and v( S + k. 2n/r) = p(S + k .2n/r). 
Since r b 3, for some k, (S + k .2n/r) is disjoint from [--x/2, 7423. 
Thus p( S + k .271/r) = 0, and therefore v( S + 2x/r) = 1 (s + k, 2n,r) g dx = 0. 
Similarly, v(S) = 0 if S is a set of Lebesgue measure zero contained in 
[0, n/2]. Hence, if SC [ -742, n/2] and S has Lebesgue measure zero, 
v(S) = 0. It follows that v is absolutely continuous. Thus, if f A = 0 on E, 
then as in (a), (f, v ) = 0. Therefore, every (closed) subset of rZ is an S-set; 
i.e., rZ is a set of spectral resolution (r > 3). 
2.4. COROLLARY. Every subset of Z is the disjoint union of at most two 
sets of spectral resolution. 
Proof If EcZ, then E=(EnN)u(EnN”), where EnN and EnN’ 
are sets of spectral resolution because N and NC are sets of spectral 
resolution. 
3. STRONG SYNTHESIS IN MIRKIL'S ALGEBRA 
3.1. THEOREM. Every subset of Z which contains a C-set is a C-set. 
Proof Since the (closed) countable union of C-sets is a C-set, we may 
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assume, without loss of generality, that E = Fu {r}, and r 4 F, where F is 
a C-set. Let f~ K(E), and let E > 0 be given. Since F is a C-set, there exists 
a u~j(E) such that IIf- u *fjiM < E. Let p(x)=ej”-‘, so that p”(r) = 1, 
p”(n)=0 if n=r. Then (f*p)(x)=e’“f”(r)=O, and we note that 
u-u*p~j(E), and thatf*(u-u*p)=u*f, so jjf-(u-u*p)*fjl,,,<c. 
Thus E is a C-set. 
3.2. COROLLARY. Since 22 is not a C-set, no even subgroup of Z is a 
C-set. Also, if E is a C-set, then both En 22 and En (22 + 1) are infinite, 
and neither contains a C-set. 
3.3. THEOREM. Let E be a subset of Z. If one of the following holds, then 
E is a C-set: 
(a) K(E) c Cl T) 
(b) EC is a lacunary set 
(c) K(E) is translation-invariant. 
Proof: Note that (a) and (c) are equivalent, and that iffhas a lacunary 
Fourier series thenfis (equivalent o) a continuous function, so (b) implies 
(a), and by Lemma 1.2, (a) implies that E is a C-set. 
3.4. COROLLARY. Zf E is a finite set, then K(E) is not invariant. 
4. TRANSLATION-INVARIANT SUBSPACES AND 
NON-FINITELY GENERATED IDEALS 
4.1. THEOREM. Let S be a closed invariant subspace with zero-set E. Then 
S= J(E). 
Proof: Since f E S implies that f E M, each f in S is continuous. Thus, by 
Lemma 1.2, ftsf *j(E), so fe J(E)-i.e., SC J(E). To prove the converse 
inclusion, let v E M*, and suppose that (v, h) = 0 for all h E S. Since v 
annihilates all translates off, it follows that f * h is annihilated by v. Hence 
f * h E S= S. Thus S is a closed ideal, and it contains J(E) because A4 is 
regular (cf. Katznelson [6, p. 2241). Therefore, S = J(E). 
4.2. THEOREM. Let I be a closed ideal with zero-set E. Then I is finitely 
generated if and only if I = J(E). 
ProoJ: Since the maximal ideal space of M is countable, given the 
(closed) set E, there exists an almost-periodic function h in M, such that 
I(h) = J(E). 
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Conversely, suppose that f~1 and that I= I@,, h,, h3, . . . . h,). For each 
E > 0 there exist ul, u2, u3, . . . . LJ, in A4 such that 
By Lemma 1.2, since each ui * hi E C(T), each ui * hi E J(E). Hence f E J(E). 
Thus Zc J(E), and as above, since A4 is regular, J(E) c I. Therefore 
I = J(E). 
4.3. COROLLARY. K(E) is singly generated if and only if E is an S-set. 
(If K(E) = Z(f ), then K(E) = J(E).) 
4.4. COROLLARY. Corresponding to each non-S-set in the maximal ideal 
space of M, there exists a pair of closed, singly generated ideals whose 
intersection is not finitely generated. 
ProoJ: By Corollary 2.4, each non-S-set can be expressed as the union 
of two S-sets, A and B. Let I, = J(A) and I2 = J(B), where A and B are 
S-sets, so that I, and I, are singly generated. Then I, n I2 = K(A) n K(B) = 
K(A u B). Since A u B is not an Sset, K(A u B) = I, n I, # J(A u B), so 
the intersection is not finitely generated. 
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